The influence of small machining errors on the primary current distribution and resistance for a recessed electrode is explored through the use of conformal mapping coupled with numerical integration of the resulting integral equations. The influence of the depth to which the electrode is recessed and the angle between the electrode and the insulating wall is calculated for the current distribution on the electrode, the average current density that would be measured in an experimental cell, and the correction that would be made to compensate for cell resistance. The results show that the accuracy attainable in a modern machine shop is sufficient to justify neglecting the nonuniformity due to machining errors.
Experimental systems for studying electrochemical reactions are often chosen such that the current distribution is uniform over the electrode surface. This simplifies comparison of experimental data to tractable mathematical models. The rotating disk, for example, is frequently used because the current distribution is uniform when the current is limited by transport of reacting species to the electrode. The current distribution below the mass-transferlimited current, however, is not necessarily uniform, and the primary current distribution yields an infinite current density at the periphery of the disk (1) . Several systems can be chosen for which both the mass-transfer-limited and the primary current distribution are uniform. Concentric rotating cylinders are used for this application as are disk electrodes recessed in an insulating medium like epoxy or Teflon.
The object of this work was to identify the effect of small machining errors on the uniformity of the current distribution on a recessed electrode. The specific topics addressed were:
1. The effect of small deviations from a right angle between the insulating wall and the recessed electrode. The primary current density at the periphery of the electrode will be infinite for any interior angle greater than ~/2, and will be equal to zero for any angle less than ~/2. Since these changes in current density at the electrode edge take place for even small deviations from a right angle, our objective * Electrochemical Society Student Member. ** Electrochemical Society Active Member. 1 Present address: Department of Chemical Engineering, University of Florida, GainesviUe, FL 32611.
was to determine the extent to which unintentional deviations of the interior angle from ~/2 could influence characteristics important to electrochemical experiments.
2. The effect of the depth to which the electrode is recessed. This question has relevance to the fabrication of recessed electrodes. (i.e., How recessed should the electrode be to ensure a uniform distribution?)
A planar geometry was chosen for this study. The results presented here for the effect of the angle between the electrode and insulator and the electrode depth on current distribution apply approximately to a disk geometry because the curvature of the disk can be neglected in a region very close to the electrode periphery. The correction to quantities depending on integration over the electrode surface, such as the primary resistance and the average current densities, would be different for the two geometries.
Background
Primary current and potential distributions apply to systems for which the surface overpotential can be neglected and the phase adjacent to the electrode has a uniform potential. The primary distribution calculations presented here provide a guide based on a "worst-case" analysis because kinetic limitations, if present, would tend to make the current distribution more uniform (1) . The primary distribution would be approached for large electrodes, large values of exchange current density or average current density, or for solutions of low conductivity (see, e.g., Ref. (1)).
Calculation of the primary current and potential distributions involves solution of Laplace's equation, V2~P = 0, which is not trivial, even for simple geometries. The
Counterelectrode &
Theoretical Development
The two-dimensional recessed electrode is shown schematically in Fig. 1 where the heavy solid lines represent electrodes and the thin lines represent insulating surfaces. In treating its electrical characteristics, an insulating surface can replace the center line which bisects this cell along a line perpendicular to the electrodes. Thus, the recessed electrode treated in this work is presented in Fig. 2a where letters A through E represent the coordinates of corners in terms of the complex coordinate system z = Zr + jzj [1] and O is the origin in this coordinate system. The SchwarzChristoffel transformation maps a polygon in the z (complex) plane onto the t (complex) plane (see Fig. 2b ). The perimeter of the polygon is mapped onto the real axis, with the interior mapped onto the upper half-plane. The transformation to t-coordinates is given by
Norking Electrode (2), separation of variables (3), and superposition (4, 5) have been used to solve Laplace's equation for a number of systems. A review of analytic solutions has been presented by Fleck (6) . The Schwarz-Christoffel transformation, a type of conformal mapping, provides a powerful t0ol for the solution of Laplace's equation in systems with planar boundaries. References (7-11) provide introductions to conformal mapping and to the Schwarz-Christoffel transformation. The application of the Schwarz-Christoffel transformation to obtain the primary resistance of a number of electrochemical cell geometries is given in Ref. (12) (13) (14) . This method was used by Moulton (15) to derive the current and potential distribution for two electrodes placed arbitrarily on the boundaries of a rectangle. Moulton's solution provides an asymptotic solution for the problem treated here in the limit that the depth to which the electrode is recessed approaches zero. Application of the Schwarz-ChristoffeI transformation is generally limited, however, by the difficulty of generating solutions to the resulting integrals. Analytic solutions allow calculation of the primary current and potential distributions throughout the cell, but are possible for a limited number of system geometries. Numerical evaluation of these integrals allows calculation of both the primary current distribution along the electrodes and the cell resistance. This approach has been applied to the primaW current distribution and resistance of cells with slotted electrodes (16) , and to the electrical resistance of compact tension specimens used in studies of fracture mechanics (17) . 
The solution to Laplace's equation for the rectangle in the X-coordinate system (Fig. 2c) is easily shown to be Xi r V [4] ~i,max
where Xi,max is the distance between the two electrodes in a~ I _ v [5] ~Xi cd Xi,max
I
The derivative in Nq. [5] is related to the derivative of potential with respect to the imaginary component of t by [7] where
~z, 
Equation [3] was used to obtain an expression for OtVax~ in terms of g(tr). The current density normal to the electrode in the original z-coordinate system is proportional to the derivative of potential with respect to the real component of z. Through use of equation [2] , this derivative can be related by the chain rule to O#p/oti and aqb/O• Thus
Numerical Method
The solution for this problem required finding the tcoordinates of the system corresponding to the positions A through E in the original (z) coordinate system. Five integral equations were obtained by setting the lengths of the five sides in z-coordinates equal to their transformation from t-coordinates. The lengths were obtained from Fig.  2a . The sixth side transforms to infinity and was not used. The equations solved were [20] g(tr) V f(tr) Xi,max
where
Equations [8] , [11] , and [12] allow determination of the current density for the electrode cd and the electrical resistance for the cell. The current density is given by 
~,
i,~g - [14] f:
The dimensionless primary resistance of the cell is given by JXi,max
The method presented above follows closely the development presented in Ref. (16) and (17).
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The solution to these integral equations was iterative. 1. a, b, c, d, and e were guessed. 2. The integrals were calculated numerically, and a vector Gi (x) was calculated, where Gj is the five-element vector composed of the closure error of the five equations above and x is the vector of guesses for a, b, c, d, and e.
3. Convergence was obtained by a method similar to the Newton-Raphson method, A matrix of partial derivatives
were calculated using a forward-difference formula, and a correction vector was calculated as
The convergence condition for this set of equations was G(x) = 0 (or hx = 0). Convergence was very sensitive to the initial guesses for a through e, and a predictor-corrector method (see Ref. (17) and (18)) was used to reduce computer time.
Several additional tricks were necessary to complete this solution. It is impossible, of course, to integrate directly on a section where the integrand is singular. This problem was solved by making a variable substitution and by restricting the number of singularities for each integral to one by dividing each interval in half. For example, an integral of the form
was split into two terms that each contain only one singularity, i.e.
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The variable substitution was used to obtain a nonsingular expression for the first integral, i.e.
The expression for t in Eq.
[27] is substituted before integrating by Simpson's rule. The number of divisions of the integration interval was doubled until successive calculations of an integral agreed to at least six significant figures. The convergence criterion used for
Step 3 was that successive calculations of a through e agree within five significant figures.
Results and Discussion
The primary current distribution and resistance are determined by the angle ~/~ and by the geometric ratios h/k, n/h, and m/n. The effect of the cell geometry outside the recessed electrode, i.e., the rectangle formed by allowing the depth m to be equal to 0 was treated by Moulton (15) . Therefore, the values for h/(l -m) and n/h were held fixed at 1.622 and 0.2, respectively. The parameters chosen for study here were those directly associated with the recessed electrode---the angle 13 and the aspect ratio m/n. The questions of primary interest to the experimentalist would be: how deep the recessed electrode should be to have a uniform primary current distribution; and how much effect an unintentional deviation from a right angle between the electrode and insulating wall would have on the current distribution, the average current density, and the resistance of the cell.
Current distribution for an isolated electrode.--The qualitative behavior of the primary current distribution for plane electrodes is based on the solution of Laplace's equation for an isolated plane electrode intersected by an insulator at an angle 13 (see Fig. 3 ). The behavior of the current density in the region close to the intersection of the two planes is given by where n -x is the distance from the intersection point. For 13 = ~r/2, the current density approaches a finite value at x = n. For 13 > ~r/2 the current density is 0 at x = n, while for 13 < ~/2 the current density is infinite at x = n. This limiting ease shows that even small changes in the angle 13 about ~/2 can lead to large changes in the current density very close to the insulating wall. Equation [28] also provides an asymptotic limit whereby the numerical results can be compared.
Current distribution for a recessed electrode.--The effect of aspect ratio m/n on the current distribution is presented in Fig. 4 . The limit as m/n approaches 0 is given by Moulton and shows an infinite current at the electrode periphery. The current distribution becomes uniform as m/n becomes large. The current density at the central portion of the recessed electrode (x = 0) provides an indication of the uniformity of the current distribution and is presented in Fig. 5 as a function ofm/n. An aspect ratio ofm/n = 2 is sufficient to cause the primary distribution to be uniform. The calculations do not treat the effect of mass-transfer and kinetic limitations to electrochemical reactions. Kinetic limitations would tend to make the (secondary) current distribution more uniform at aspect ratios less than two (1).
While these calculations were for a planar geometry, the results presented here apply approximately to a disk geometry because the curvature of the disk can be neglected in a region very close to the electrode periphery. Quantities that depend upon integration over the electrode surface would, of course, be different for the two geometries. For example, the current density at the center of a nonrecessed electrode (see m/n = 0 in Fig. 5 ) is equal to 0.68 when normalized by the average current density obtained by integration of the corresponding current distribution over a planar surface. When this current distribution is averaged over a circular surface with n replaced by the disk radius, the normalized current density is equal to 0.5 which is the value expected for a disk electrode. Figure 5 can be used to estimate the depth to which an electrode should be recessed to provide a uniform current distribution for both planar or disk geometries because, for either case, the current at the center of the electrode approaches the average current density for large values of m/n. The value of the normalized current at the center of the electrode would be different for the two geometries when m/n becomes small.
The current distribution that results from changing the angle ~/~r is also a function of the depth m/n. The effect of small changes in angle is presented in Fig. 6 and 7 for the current distribution on deep and shallow electrodes, respectively. The variation in 6 studied here corresponds to _+ 1.8 ~ from a right angle. The current density is uniform for ~/= = 0.5. The current at the periphery is equal to 0 for #Hr > 0.5 and tends to infinity according to Eq.
[28] for ~/= < 0.5. The current density at the center of the electrode is presented in Fig. 8 as a function of 6/~r for both the deep and the shallow electrodes. The ratio of the current density at x = 0 to the average current density is equal to 1 for a deep electrode with an angle of =/2 (~/= = 0.5). For a shallow electrode, this ratio tends toward one only for values of 6/~ greater than 0.5. This result is seen because the nonuniformity associated with a small aspect ratio m/n can be canceled in part by the nonuniformity associated with #/zr > 0.5.
Average current density for a recessed electrode.--As seen in the preceding section, the geometry of the recessed electrode has a significant impact on the current distribution. An interior angle greater than ~/2 (~/~ < 0.5) causes the current distribution to be infinite at the periphery of the electrode and causes the average current density to be larger than it would be for a perfect right angle. The percent error in the average current density relative to 6/~r = 0.5, defined to be
is presented in Fig. 9 as a function of #hr with m/n as a parameter. This error is a function of the depth to which the electrode is recessed because, for a fixed value of ~/=, the displacement of electrolyte is larger for a deeper electrode.
For an electrode sufficiently deep that the current distribution for a perfect right angle between electrode and insulator may be regarded to be uniform, the average current density measured would be 4% higher for a 1.8 ~ deviation from a right angle (corresponding to ~/~ = 0.49) than it would be for the ideal right-angle geometry.
Primary resistance for a recessed electrode.--The major interest to the experimentalist of the effect of the recessed electrode geometry on the primary resistance, presented below, would be in estimating a priori the cell resistance. It is not used here as a criterion for specification of tolerances because independent measurement of this resistance can be made by current interruption.
The primary resistance of the cell can be expressed in terms of the dimensionless group WKR, where W is the cell width in the dimension coming out of the plane of Fig. 2a . In the limit that the aspect ratio m/n approaches 0, the primary resistance approaches that of a rectangle of length h and width k and with electrodes of width h and n. The solution for this problem has been presented by Moulton (15) in terms of tabulated elliptic functions (19) as
where K(mx) is the complete elliptic integral of the first kind with parameter mx. The parameter mx is obtained from the geometry of the rectangle by where At is the correction that accounts for the constriction of current lines in the mouth of the recessed portion of the cell. The correction A~ is presented in Fig. 10 as a function of the aspect ratio m/n. The correction is equal to 0 for m = 0 and approaches a constant value of 0.0367 as m/n becomes large. However, At becomes a smaller fraction of the total dimensionless resistance WKR at large values of m/n because the resistance is proportional to m/n. The presentation of At (as opposed to a presentation of the percent error in neglecting this term in Eq. [32]) allows a more general application of these results because Moulton's solution WKRm accounts for the influence of the counterelectrode size and placement and for the size of the cell outside the recessed portion, and the term m/n accounts for the depth and width of the recessed electrode. The percent error is a function of geometric factors that are independent of the geometry of the recessed electrode. For the geometry treated here, WzRm is equal to 1.195 . The error in neglecting hi for a deep electrode (with m/n greater than 2.5) is less than 1.0%.
The angle ~/~ also has an effect on the primary resistance, even for very small deviations from 0.5, and the magnitude of A1 is a function of the electrode depth. The effect of angle on A~ is shown in Fig. 11 with the aspect ratio m/n as a parameter. For m/n greater than 1, all curves in Fig. 11 yield a value of 0.0367 for hi at ~/~ = 0.5. At reaches a value of 0.15 for a deep electrode (m/n = 2.5) with #/~ = 0.51. The percent error caused by neglecting this term can, however, be reduced by a slight modification of Eq. [32], as shown below.
In calculating A~ (Eq.
[32]), the primary resistance associated with the exterior part of the cell was calculated using an electrode width ofn -m tan (6 -~/2), and the resistance associated with the recessed electrode was given by m/n. The influence of the parameter #/~ could be reduced by replacing m/n in Eq. The correction to Eq. [33] A2 is presented in Fig. 12 as a functio n of 13/'~ with m/n as a parameter. For #/~r = 0.5, A2 is equal to A~ and is equal to 0.0367 for m/n greater than 1. For a deep electrode, the error in assuming that A2 is equal to 0.0367 is about 0.2%, and the error in neglecting A2 altogether in Eq. [33] is less than 2.0%. In contrast, the error in neglecting A1 in Eq.
[32] for 6/= = 0.51 (see Fig. 11 ) is almost 5.0%.
Conclusions
The conformal mapping technique is ideally suited to determine the influence of small changes in the angle between the electrode and insulator on the primary current distribution for recessed electrodes. It is difficult to use finite-element or finite-difference tehcniques to obtain accurate values for current density near singular regions, such as seen at the electrode edge for 13/~ < 0.5. These numerical methods work well and, indeed, are necessary in the more common cases where kinetic limitations eliminate the singularities.
The results Presented here show that the primary resistance does not undergo discontinuous behavior as the angle in the pit changes and that it can be approximated to be the sum of Moulton's solution for the influence of the geometry of the main portion of the cell and a term which treats the influence of the depth of the recessed portion of the cell. For a deep electrode, this expression is accurate to within 1.0%. The approach to a uniform current distribution with increasing depth and variations in average current density with angle were used as criteria to identify specifications for a recessed electrode. The results presented here show that a recessed electrode with an aspect ratio of about 2.5 (calculated for the electrode half-width) is sufficiently deep to give a uniform current distribution. The average current is the quantity that would usually be obtained in an experiment by dividing the measured total current by the electrode area. For an electrode of this depth, a deviation of the angle between the electrode and the insulating wall by 0.5 ~ from a right angle (]~/~ -0.51 = 0.0028) causes the average current to deviate from the value expected for a perfect right angle by about 1.2%. These results suggest that specification of the angle between recessed electrode and insulating wall to within +-0.5 ~ (a level of precision that can be routinely achieved) is sufficient to avoid significant errors in the measured current. The results presented here provide a guide based on a "worstcase" analysis because kinetic limitations, if present, would tend to make the current distribution be more uniform.
